A space-variant lens array on a curved surface (SVLACS) with a large field of view is proposed to decrease the size and improve the performance of a space-variant lens array on a plane (SVLAP). The whole mathematical models are developed and tested, and comparative simulations between SVLACS and SVLAP are carried out. Under the identical simulated situations, the radius of SVLACS decreases to 58% of SVLAP. Meanwhile, the performance of optical information loss rate is improved from 0.22 to 0.08. The results are beneficial for designing a retina-like image sensor based on SVLACS.
INTRODUCTION
Bio-inspired image sensors based on a retina-like structure have been attracting researchers for many years [1] [2] [3] [4] . The advantages of retina-like sensors, including multi-resolution sampling [5] , log-polar transformation (LPT) from retina to visual cortex [6, 7] , and invariance of scaling and rotation [8] , etc., are beneficial to significantly compress redundant information and track objects in the large field of view (FOV) with high speeds [9, 10] . Therefore, the techniques based on retina-like features are widely used in situations which require high resolution, large FOV, and real-time data processing at the same time, such as robotic vision [11] , smart monitoring [12] , vehicle navigation [13] , etc.
Image sensors based on the above retina-like features are studied and developed, including two-dimensional [14, 15] or three-dimensional [16, 17] . To the best of our knowledge, the methods of realizing retina-like sensors are divided into four kinds. First, retina-like sensors based on software, i.e., softwarebased methods, [17, 18] to obtain the LPT of a target by the use of algorithms. Second, retina-like sensors based on the embedded platform [e.g., field programmable gate array (FPGA) [19] ] are proposed to obtain LPT of target. Third, retina-like sensors based on non-uniform photodiode arrays [e.g., charge coupled device (CCD)] [20] , complementary metal-oxide-semiconductor transistor (CMOS) [21, 22] and microstructures [23] . Finally, retinalike sensors based on a retina-like lens array, i.e., space-variant or non-uniform lens array [24] . Besides the above methods, other optical systems [25, 26] are proposed, and the common feature of these methods is realizing multiresolution, but the LPT of the target is obtained by the use of a traditional image sensor. Therefore, those methods can be grouped in software-based methods. The common features of the former two methods (based on software and embedded platforms) are based on a traditional image sensor, i.e., space-invariant resolution, and the LPTs of the target are obtained by the use of algorithms. So the capability of the real-time process is worse than in the latter two methods [2] . The methods based on a space-variant detector array obtain the LPT with high speed. But the poor sensitivity [27] , and non-uniform scaling noise [28] are the main factors which limit its applications. Compared with retina-like sensors based on space-variant detector arrays, retina-like sensors based on spacevariant lens arrays on a plane (SVLAP) have been proposed by our group to solve the issues existing in retina-like detector arrays. So far, we have studied and developed image sensors based on SVLAP, including optical design [24, 29, 30] and electrical design [31, 32] . Previous results show that retina-like sensors based on SVLAP can obtain both LPT directly and scaling and rotation invariance. But the large lateral size of SVLAP limits its applications in a large FOV. Here, we proposed retina-like sensors based on a space-variant lens array on a curved surface (SVLACS), and it can be used in wide field imaging systems or used alone. The size of lens array is decreased dramatically. Meanwhile, the optical information loss rate (OILR) is improved compared with SVLAP.
THEORETICAL ANALYSIS
SVLACS can be used in a wide optical lens or used alone. If SVLACS is used alone, the relaying image plane is the object plane. The structure of a system with a wide field optical lens is as shown in Fig. 1(a) . The object focuses on the relaying image plane, which is segmented by SVLACS. The structure of SVLACS is shown in Fig. 1(b) , and it is composed of M rings, a N single plano-convex lens in each ring, i.e., and N sectors. The radius of each ring increases with the increase of rings, shown in Fig. 1(b) . Each lens has a corresponding photodetector to sample target information, shown in Fig. 1(c) , where θ is the angle of FOV, written as tan θ Δd ∕2f (Δd is the size of detector, f is the focal length of single lens). The information of the target received by the detector is read out by ring order, and the LPT of the target is obtained. In SVLACS, the blind area is in the central position of lens array. The issues of a central blind area has been discussed in previous studies [23, 33, 34] , and a possible and effective way is placing a traditional image sensor with high resolution in the central blind area [33] . Therefore, the details on traditional imaging sensors are not discussed, and we pay more attention to theoretical study on SVLACS.
A. Modeling SVLACS
The main functions of retina-like lens arrays are the spacevariant segmentation of relaying the image plane or object plane and realizing LPT. According to previous studies, LPT is realized by the use of segmentation of the exponential growth of radius of adjacent rings, i.e., r i r 1 q i−1 , (where r 1 and r i are the radii of the 1st ring and i-th ring, respectively, and q is the increasing coefficient of two adjacent rings) and the circular manner of reading out signals. In order to study SVLACS, the optical-path of the lens array from the segmented object plane should be studied, shown in Fig. 2(a) . Detectors receive the corresponding information of the FOV of each lens. The adjacent circles of each ring on plane Q are tangent, shown in the hatch area of Fig. 2(b) . Different from planar lens array in previous studies, the shape of segmentation of the relaying image plane or object plane is elliptical rather than circular, because lens arrays are placed at a curved surface, shown in Fig. 2(b) . The central position of each elliptical sample is the same as the circle sample, and such a structure also meets the exponential growth of the radius of adjacent rings.
According to our previous study, the geometrical model of SVLAP, shown in the hatch area of Fig. 2(b) , is written as [24] 8 > > > > < > > > > : where β is the angle of adjacent circles, r i is the radius of the i-th ring, r max is the maximum radius of the circular array sample, shown in Fig. 2 (b), and d i is the diameter of cycles in the relaying image plane or object plane. The increasing coefficient is q 1 sinβ∕1 − sinβ, when adjacent circles are tangent to each other. We suppose that the distance between the relaying image plane or object plane and SVLACS is L 0 . According to the triangle relation of Δ OAB, shown in Fig. 2(c) , we obtain
where α i is the angle between vertical axis and i-th ring of SVLACS, shown in Fig. 2 (c), and R 0 is the radius of the curved surface. Therefore, for M -th ring, we obtain
Combining the relationship between the half FOV (2φ) of the system and α M satisfies φ α M θ, we obtain
Substituting Eq. (4) into Eq. (3), R 0 is written as
For practical use, r max is the parameter which is more commonly used than r 0 for end users because of its requirements of size. Therefore, by using r max r 0 q M [30] , we obtain
Supposing the arbitrary position of each lens in the i-th ring is (x i ; y i ; z i ), shown in Fig. 1(b) and Fig. 2 (c), we obtain
Equation (7) determines the position of a single lens in SVLACS. Besides the position of a single lens, the diameters of the single lens are studied as follows. The diameter of the single lens affects the receiving information from the target plane. In order to obtain more information of the target, the tangent method [35] and overlapping method [36] have been proposed. The common feature of the two structures is obtaining more information as possible as they can, and the overlapping method obtains more information than the tangent method. The segmentations of the object plane are ellipses because of the lens array on a curved surface. Here, we combine the advantages of both methods, and we let the areas of minor axis (d Figs. 2(a) and 2(b) . In Fig. 2(c) , we can obtain the distance between i-th ring and the relaying image plane or object plane, i.e., l i , which is written as
In the area of Φ, shown in Fig. 2(a) , we obtain the diameter of a single lens in i-th ring, written as
Substituting Eqs. (1) and (8) into Eq. (9), we obtain
The parameters of curvature radius (R) of each lens and the height of i-th ring (h i ) are obtained as follows [37] R f · n − 1
Substituting Eq. (10) into Eq. (11), we obtain the h i , which is written as
From the above analysis, the whole model of SVLACS is described by Eqs. (7) and (10)- (12) .
B. Analysis on Optical Information Loss Rate
From the above analysis on the retina-like segmentation, the segmented relaying image plane or object plane includes the ellipse of M rings and N sectors. The minor axis is tangential and major axis is overlapping, and there is a gap (Δs i;j or Δs 0 i;j ) between adjacent ellipses, shown in Fig. 3(b) , in which Δs i;j and Δs 
According to the definition of OILR, it is the sum of Δs 0 i;j to the whole FOV of SVLACS. Therefore, OILR based on SVLASP is written as 
Therefore, the effective sampling area on the relaying image plane or object plane is written as
and the optical information loss rate is written as
SIMULATION RESULTS AND ANALYSIS A. Modeling Verification
In this section, we carry out modeling verification according to the above analysis. The performances under different situations are discussed in Section B. We set the rings and sectors to be 10 and 30, respectively. The relevant parameters of the simulations are in Table 1 . Based on the above conditions, we obtain the parameters of the whole structure of SVLACS, and the 3D model is shown in Fig. 4(a) , including 10 rings, 30 lenses in each ring, and the radius of the curved surface is approximately 13 mm. We clearly see that the sampling patterns are an elliptical shape, shown in Fig. 4(b) . Meanwhile, we compare the radius of each ring between the previous methods. In order to avoid the effects from specific parameters, we normalized r i with respect to corresponding r M , shown in Fig. 4(c) . We find that the proposed method obtains a smaller radius than the previous method. For example, the radius of the 10-th ring of the proposed method decreases to 58% of the previous method. Moreover, the difference of r i between SVLACS and SVLAP, i.e., Δr i , increases with rings. From Fig. 4(c) , Δr i increases from 0.07 to 0.42. The results not only show that the SVLACS is obtained by the use of a model, but also show that SVLACS is beneficial to decrease the size under the same amount of rings, and the difference between SVLACS and SVLAP increases with rings.
B. Elliptical Sampling Patterns
As in the above study, the shape of the samples are ellipses rather than circles in previous methods. So the purpose of this section is to analyze the elliptical sampling patterns. Actually, the elliptical samples are viewed as d The system obtains a high compressive efficiency of redundant information by the use of a large q. From the results, we find that a large k is beneficial to compress redundant information, which can be used as a base for optical design on SVLACS.
C. Optical Information Loss Ratio
Optical information loss ratio is an important parameter which not only determines the performance of an object sample, but also affects the structure of SVLACS. The purpose of this section is comparatively studying the OILR between previous and proposed methods. Meanwhile, according to Eq. (6) in Ref. [24] , the OILR of the previous method is just relevant to sectors (N ). Therefore, we present comparative results on the relationship between OILR and N , shown in Fig. 6 . We find that the OILR of the previous method decreases with the increasing of the sector. For example, OILR decreases from 0.26 to 0.22 when N increases from 5 to 100. Moreover, the OILR of the previous method approaches to the limitation, i.e., 1 − π∕4, when N is larger than 20. Compared with OILR of previous methods, the OILR of SVLACS is always larger than that of SVLAP. The OILR decreases with sectors, and it reaches the valley point, i.e., (30, 0.08) when the sector is 30. Meanwhile, the relative difference of OILRs between the two methods, i.e., Δη loss η 0 loss − η loss ∕η 0 loss × 100%, increases with N , where η loss and η 0 loss are the OILRs of the proposed method and the previous method, respectively. We plot the relationship of Δη loss of the two methods, shown in Fig. 6(b) .
We find that Δη loss increases with sectors, and it reaches peak point, i.e., (30, 63 .6%), when N is 30. Therefore, N 30 is a reasonable parameter to obtain lowest OILR.
DISCUSSION
According to the above results and analysis, the sampling shape on an object plane is elliptical by the use of SVLACS, and a wide FOV is obtained compared with SVLAP. From Eq. (6), we find 0 < R 0 < ∞ should be satisfied in order to keep physical meaning, so we obtain the feasible range of φ, which is written as
Equation (20) shows that the range of φ is determined by r max , L 0 , β, and the FOV of a single lens (θ tanΔd ∕2f ). Therefore, φ is not arbitrarily chosen at any situation, and we discuss the feasible range of FOV of SVLACS under different situations of r max ∕L 0 , β and θ.
First, because β is determined by N, and Fig. 7 shows the feasible range of φ versus r max ∕L 0 under different values of N , which increase from 10 to 70. The minimum FOV of a single lens is fixed because θ is a constant, i.e., 11.4 deg. The maximum FOVs increase with the increasing of r max ∕L 0 . For example, when r max ∕L 0 increases from 0.1 to 15, φ max of N 10 increases from to 11.4 deg to 143.1 deg, and φ max of N 70 increases from 11.4 deg to 176.4 deg. Here, we note that there is a common point under the condition of r max ∕L 0 0, i.e., the target plane at very long distance, or r max is approximate zero. Such situations result in the FOV of SVLACS being only determined by the FOV of a single lens, i.e., θ. The results are in accordance with the theoretical analysis. Moreover, the increasing rate of φ becomes slow when r max ∕L 0 is larger than 4. For example, under the condition of N 30, φ increases from 11.4 to 149 deg when r max ∕L 0 increases from 0 to 4. However, φ increases from 149 to 167.5 deg when r max ∕L 0 increases from 4 to 15. The results illustrate that r max ∕L 0 4 is a critical point, and the FOV of SVLACS is not determined directly by r max ∕L 0 when it is larger than 4.
Second, we study the relationship between the FOV of SVLACS and different focal lengths (f ), shown in Fig. 8 . We find that (1) the FOV of SVLACS decreases with the increasing of the focal length. φ decreases from 152.4 deg to 100.4 deg, when f increases from 1 mm to 50 mm. The result illustrates that the contribution of the FOV of the single lens decreases with the increasing of f . (2) The decreasing speed of φ decreases with the increasing of f , and the difference of φ between the conditions of f 15 mm and 50 mm is smaller than that under the condition of f 1 mm and 15 mm. For example, φ decreases from 152.4 deg to 103.1 deg, when f changes from 1 mm to 10 mm, i.e., the difference of φ is 49.3 deg. However, φ decreases from 103.1 deg to 100.4 deg, i.e., the difference of φ is 2.7 deg, when f changes from 10 mm to 50 mm. So the difference of φ between f 1 to 10 mm is larger than that between f 15 to 50 mm. Therefore, f 15 mm is a critical point, which means φ is viewed as almost identical when f is larger than 15 mm. The curves of maximum and minimum FOV have similar critical point, i.e., (15, 103.1) and (15, 3.8) , respectively. These results are very useful for optical design on determining optimal focal length, because a larger focal length than the critical point does not increase FOV dramatically.
CONCLUSIONS AND FUTURE WORKS
In order to obtain the large FOV of capturing LPT of target, and to solve the large size of the previous methods, i.e., planar lens array, the retina-like lens array on a curved surface is proposed. The whole mathematical models are developed, and the comparative simulations between SVLAP and SVLACS are carried out under the same conditions, including rings (M ), sectors (N ), maximum radius of segmentation (r max ), FOV (φ), the distance between the target plane or relaying image plane L 0 ) and focal length (f ), etc. The results show that (1) a retina-like lens array on a curved surface obtains a smaller radius of structure, and the radius of the 10-th ring of SVLACS decreases to 58% of SVLAP. (2) The FOV of a retina-like structure is relevant to r max ∕L 0 , and the feasible range of FOV is obtained by the use of a model, which is helpful for optical design. (3) The sampling shape of SVLAP is an ellipse rather than the circles of SVLAP, which is beneficial to improve OILR. The lowest OILR (8%) is obtained when M is 30.
The main purpose of this paper is providing the theoretical base for developing SVLACS. Actually, another important challenge of the SVLACS is their manufacturing. With the development of optical manufacturing techniques, optical lens arrays based on curved surfaces have been developed [39, 40] , but these are uniform resolution. These techniques provide suggestions for producing SVLACS, and these are our future works. 
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